Tuza [1992] proved that every graph having no cycles of length congruent to 1 modulo k is k-colorable. We prove that having fewer than (k − 1)! such cycles suffices. Furthermore, if G−e is k-colorable and G is not, then edge e lies in at least
Introduction
One of the most fundamental results in graph theory is that graphs without odd cycles are 2-colorable. This has been generalized in many ways. Stong [5] proved that a graph is kcolorable if every vertex lies in fewer than k 2 odd cycles. Erdős and Hajnal [2] proved that a graph having no odd cycle of length more than 2j − 1 is 2j-colorable. Tuza [6] proved that a graph having no cycle with length congruent to 1 modulo k is k-colorable. Tuza also strengthened Minty's Theorem [3] that a graph G is k-colorable if it has an orientation in which no cycle of G has more than k − 1 times as many forward edges as backward edges; Tuza showed that only cycles of length 1 mod k need be considered in that computation.
We strengthen Tuza's basic result, showing that a graph with fewer than (k − 1)! cycles of length 1 mod k is k-colorable. Furthermore, for 2 ≤ r ≤ k a critical (k + 1)-chromatic graph has at least r−1 i=1 (k − i) cycles of length 1 modulo r through every edge, and all these cycles are distinct. In fact, whenever G − e is k-colorable and G is not, e lies in this many cycles of these lengths.
We also apply our technique to the more general problem of H-coloring. A homomorphism from a graph G to a graph H is a map φ :
A homomorphism into H is also called an H-coloring. A proper kcoloring is simply an H-coloring with H = K k . The H-coloring problem becomes more complicated when H is not complete because there are more ways for a coloring to violate an edge. Instead of colors on adjacent vertices just needing to be distinct as in ordinary coloring, distinctness is no longer enough.
The circular clique K k:d has vertex set Z k and edge set {ij : d ≤ j − i ≤ k − d}. The complete graph K k is the circular clique K k:1 . Homomorphism into K k:d is called (k, d)coloring; when G has an edge, (k, d)-coloring requires k ≥ 2d. The circular chromatic number χ c of a graph G is the least k/d such that G has a (k, d)-coloring. In particular, if [7, 9] for surveys on this topic.
Zhu [8] extended Tuza's result to circular coloring. He proved that if a graph G has an orientation such that
Here C − is the set of edges along C followed backward in the orientation (both directions along C are considered).
When k and d are relatively prime, let s be the congruence class such that sd ≡ 1 mod k. It follows from Zhu's result that if G has no cycle whose length is congruent modulo k to is for any i with 1 ≤ i ≤ 2d − 1, then G is (k, d)-colorable. In particular, (k, d)-colorability holds when 2d − 1 congruence classes of cycle lengths are forbidden. Our results imply that it suffices to exclude i ∈ {1, . . . , d}. In particular, if G−e is K k:d -colorable and G is not, then e lies in a cycle with length congruent to is mod k for some i in {1, . . . , d}. Furthermore, if there is no cycle through e with length is mod k for i ∈ {1, . . . , d − 1}, then e lies in at least two cycles with length 1 mod k (assuming that e is not a loop).
The special case of K (2d+1):d -coloring shows that our result is sharp. The odd cycle C 2d+1 is isomorphic to K (2d+1):d , so χ c (G) ≤ 2 + 1/d for a C 2d+1 -colorable graph G. For C 2d+1 -coloring, all shorter odd cycles are critical non-C 2d+1 -colorable graphs (we can also view a single vertex with a loop as a degenerate sharpness example for the class 1 mod k). This means that although possibly only one cycle length among the listed classes of lengths occurs, we cannot omit any of those classes from the list.
Returning to the topic of proper k-coloring, we can ask further sharpness questions. An edge in the complete graph K k+1 lies in exactly (k − 1)! cycles of length 1 mod k. When r is at most k/2, the guarantee of r−1 i=1 (k − i) cycles of length 1 mod r is not sharp in K k+1 .
Problem 1. Do there exist edges in non-complete (k + 1)-critical graphs lying in only
We can also consider other congruence classes. Note that K k+1 in fact has cycles in all congruence classes modulo r for 2 ≤ r ≤ k, except that it has no cycle of length 2 mod k. Problem 2. For 2 ≤ r ≤ k, what congruence classes of cycle lengths modulo r are avoidable in a non-complete (k + 1)-critical graph?
An elementary observation is that every 4-critical graph has minimum degree at least 3. Saito [4] proved that if G has minimum degree at least 3 and has no cycle of length 2 mod 3, then G has K 4 or K 3,3 as an induced subgraph. Thus for the congruence class 2 mod 3 in 4-critical graphs, it suffices to consider 4-critical graphs having K 3,3 as an induced subgraph.
Proper Coloring
We consider the cycles forced when deletion of an edge reduces the chromatic number. Hence it is also a proper k-coloring of G. Since G is not k-colorable, we conclude y ∈ V (H).
Since paths in H follow the colors according to σ, and φ(y) = φ(x), the length of any x, y-path in H is a multiple of r, and the cycle in G completed by adding the edge yx has length congruent to 1 modulo r. Furthermore, since the coloring φ is fixed, the resulting x, y-paths in G are distinct for distinct choices of σ.
Our result was motivated by a similar argument due to Brewster, McGuinness, Moore, and Noel [1] , which we sketch in our language to generalize the quantitative result. They showed that if G is not k-colorable but G − xy is k-colorable, then G − xy contains at least (k − 1)!/2 cycles whose lengths are multiples of k, for k > 2. The early paper of Tuza [6] notes that Toft and Tuza had observed that every graph that is not k-colorable contains a cycle whose length is divisible by k, for k > 2.
We extend the result of [1] as follows. Again fix a proper k-coloring φ of G − xy and a cyclic permutation σ of a set of colors containing φ(x). Define the digraph D σ as above.
Note again that φ(x) = φ(y). If D σ is acyclic, then we recolor G by again changing the color on v from φ(v) to σ(φ(v)), but now one vertex at a time, always change the color at a sink of the unchanged subgraph. We do this until the color on x or y changes, at which point we have a proper k-coloring of G. Since that does not exist, D σ contains a cycle. The length of a cycle in D σ must be a multiple of k. However, a cyclic permutation and its reverse will select the same cycle in G, because the corresponding digraphs are obtained from each other by reversing all the edges.
Hence we are in fact guaranteed (r − 1)!/2 cycles whose length are multiples of r, for all r with 3 ≤ r ≤ k, but we are not guaranteed that these cycles contain e.
Circular Coloring
In this section we consider the analogous problem for (k, d)-coloring. We will only use color cycles of the form (0, d, 2d , . . . , −d) and their reverse, so we get existence results rather than quantitative results. Nevertheless, they are sharp in the sense illustrated in the introduction.
The proof may require many steps of recoloring to find a desired cycle. This is inherently necessary, because a C 2d+1 -coloring of C 2d−1 − xy may alternate 0 and d along the path.
Theorem 2. Let k and d be relatively prime, with k > 2d, and let s be the element of Z k such that sd ≡ 1 mod k. Let xy be an edge in a graph G. If G − xy is K k,d -colorable and G is not, then xy lies in at least one cycle in G of length congruent to is mod k for some i in {1, . . . , d − 1} or at least two cycles of length 1 mod k.
Proof. Fix a K k:d -coloring φ of G − xy. By symmetry, we may assume φ(y) = 0. Since G is not 
, so such edges are also properly colored in φ ′ .
We will consider cases where φ(x) = j, for 0 ≤ j ≤ d − 1. For the case φ(x) = −j with 1 ≤ j ≤ d − 1, add j to the color at each vertex to obtain φ(x) = 0 and φ(y) = j, and then interchange the roles of x and y and apply the argument below.
When φ(x) = j and φ(y) = 0, we claim that G has a cycle through xy with length congruent to is modulo k for some i in {1, . . . , d − j}. We use induction on d − j.
First consider j = d − 1. If y / ∈ V (H), then φ ′ is a K k:d -coloring of G, since φ ′ (x) = d and φ ′ (y) = 0. Hence y ∈ V (H) when j = d − 1. To reach value 0 from d − 1 along a path specified by steps of d requires r steps, where rd ≡ k − (d − 1). Multiplying both sides by s yields r ≡ s − 1. Adding the edge xy thus completes a cycle of length congruent to s mod k, with its x, y-path stepping by +d in colors under φ. Now suppose j < d − 1. If y ∈ V (H), then an x, y-path in H has length congruent to (d − j)s − 1 modulo k, since s (modulo k) steps of +d will increase the starting value by 1. Adding yx then completes a cycle of length congruent to (d − j)s mod k through xy in G.
Hence we may assume y / ∈ V (H). Now φ ′ is a K k:d -coloring of G − xy with φ ′ (x) = j + 1 and φ ′ (y) = 0. The previous argument, for φ ′ and j + 1, now implies that G has a cycle through xy with length congruent to is mod k for some i in {1, . . . , d − j − 1}.
Finally, if G has no cycle through xy with length congruent to is mod k for 1 ≤ i ≤ d − 1, then j = 0 and we obtain a cycle of length 1 mod k, with colors along its x, y-path stepping by +d under the original coloring φ. Considering σ −1 and starting again from x with the same coloring of G − xy then yields a second cycle of length 1 mod k.
In this proof, we have not made use of cycles in the host graph other than that generated by ±d. Thus when k > 2d + 1 there may be other sets of forced cycle lengths. When k = 2d + 1, these two are the only permutations yielding cycles in the host graph, and that is why our sharpness examples in the introduction are for C 2d+1 -coloring. In that case s = −2. The set of cycle lengths that cannot be avoided are the congruence classes −2i mod (2d + 1) for 1 ≤ i ≤ d, and if there are no cycles through e in the classes with 1 ≤ i ≤ d − 1, then we obtain two cycles with lengths 1 mod (2d + 1).
